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1. Introduction 
Two torsion-free linear connections, V and V, on a manifold M are called projectively 
equivalent if they have the same geodesics up to reparameterization. According to a theorem of 
H. Weyl [13], V and V are projectively equivalent if and only if there exists a one-form 4 on 
M such that 
oxr = VXY + @(WY + $(Y)X 
for all vector fields X and Y on M. The torsion-free linear connections in a projective equivalence 
class on M belong to a unique projective structure on M. See [4] or [5]. 
The principal invariant of a projective structure is the projective curvature tensor discovered 
by Weyl. One may account for the existence of the projective curvature tensor by means of a pro- 
jective connection. Since the 1920’s, the concept of a projective connection has been formulated 
rn various ways and studied by many different geometers, for example: [2,3,5,8,12,14]. 
Recently in his doctoral dissertation [lo] and subsequent paper [ 111, one of the authors revived 
the idea, which goes back to T.Y. Thomas [12] and to J.H.C. Whitehead [14], of representing 
a projective connection on a manifold by means of a linear connection on a manifold of one 
more dimension. An essential feature of the revival is to take the bundle of volume elements 
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E(M) on M, which is a naturally defined principal R-bundle over M, as the manifold of one 
more dimension. This approach permits a global coordinate-free treatment of these connections 
in contrast to the local coordinate approach taken by both Thomas and Whitehead. We define a 
Thomas-Whitehead projective connection, or simply TW-connection, for M to be a torsion-free 
linear connection on E(M) which is invariant under the right action of &I on E(M) and which 
satisfies one further condition. The precise definitions are reviewed in Section 2. 
This paper continues the work in [lo] and [I I]. We show TW-connections with recurrent 
curvature are flat (Proposition 3.1). We characterize the TW-connections which are the Levi- 
Civita connections of some Riemannian metric (Theorem 4.1) and determine the structure of the 
metrics on E(M) giving rise to a metric TW-connection (Theorem 4.4). We classify invariant 
torsion-free connections, invariant projective structures, and invariant TW-connections for a ho- 
mogeneous pace (Theorems 5.3 and 5.9). This classification is applied to give a new proof of the 
fact proved in [lo] and [ 1 l] that if the homogeneous pace admits an invariant orsion-free linear 
connection, then every invariant projective structure contains an invariant orsion-free linear con- 
nection (Corollary 5.5). We also show that homogeneous paces with high dimensional inear 
isotropy representations can admit at most one invariant torsion-free linear connection and at 
most one invariant projective structure (Corollary 5.6). 
2. Review of TW-Connections 
We begin by reviewing the basic notations and definitions from [lo] and [ 111. 
Let V be a real n-dimensional vector space, and let A”(V) be the nth exterior product of V. 
A volume element I of V is a set of the form {fu} where u is a non-zero element of A”(V). 
Thus each volume element of V is represented by exactly two non-zero n-vectors which are the 
negatives of each other. Let E(V) denote the set of all volume elements of V. 
Given a smooth n-dimensional manifold M, the bundle of volume elements of M is the 
principal IE-bundle over M with total space 
and projection map n : E(M) -+ M defined by n(r) = p if E E 1 (T,M). The right action by 
the additive reals IR on I(M) is defined by 
E a = {&e"u} 
when E = {*u} and a E Iw. Let R, denote right translation in E(M) by a E Iw. The fundamental 
vertical vector field on E(M) is the vector field tM on E(M) whose integral curve through E is 
the curve 
t+ E.t. 
E(M) is equivalent o the trivial IX-bundle over M. For example, a given Riemannian metric 
go on A4 defines a canonical section aa of E(M) by setting so(p) = (&II} where u is one of the 
two n-vectors of unit length at p E M. 
When M is orientable, there exists a global (n + 1)-form $ on E(M), defined up to sign, 
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which is characterized by the formula that for all sections 0 of E(M) and all p E M, 
Notice that it,, + denotes the interior product of tM with I@. Thus U* (Lo,,, +) is an n-form on M 
so that it makes sense to evaluate it up to sign on the volume element o(p) at p. When M is not 
orientable, such (n + I)-forms can be defined only locally over oriented open subsets of M. The 
collection of these local (n + l)-forms, which are defined only up to sign, give rise to a global 
geometric object which is called the canonical positive scalar density field QM on E (M ). Since 
positive scalar density fields are less familar than forms, in the calculations which follow, one 
may treat *M as an (n + 1)-form that is defined locally only up to sign. 
The canonical positive scalar density satisfies the property 
for all a E R. 
We mention a few functorial properties. If .f’ : M + M’ is a local diffeomorphism. then ,f 
induces a bundle map j : E(M) + E(M’) which satisfies 
and 
Definition 2.1. A torsion-free linear connection V on E(M) is called a Thomas-Whitehead 
projective connection. or simply a TW-connection, for M if V satisfies 
I) V is R-invariant, and 
2) 06, = -l/(n + 1) . id. 
Every TW-connection V for M induces a projective structure in the following way. If (ti is a 
connection 1 -form in E(M), that is, if w satisfies w (6~) = I and R,*(w) = (o for all u E IF& then 
[ IO] or [ 1 l] shows that the projective equivalence class of the connection V’” on M defined by 
V,wY = n*(V&. 
where X and Y are the w-horizontal lifts of vector fields X and Y respectively on M, is inde- 
pendent of the choice of w. The following Fundamental Theorem of TW-connections is proved 
in [lo] and 1111. 
Theorem 2.2. Suppse dim(M) 3 2. Given LL projective structure on M there exists a unique 
TW-connection V satisfying 
( I) V is RicciJlut, 
(2) V+,+, = 0, and 
(3) V induces the given projective structure. 
Remarks. (1) The bundle of volume elements appears implicitly in the work of Thomas. For 
given a torsion-free linear connection on a manifold M, Thomas defines another torsion-free 
linear connection on an associated manifold of one additional dimension by giving its compo- 
nents in an allowable local coordinate system. Now the coordinate transformations between a 
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pair of allowable coordinate systems on this associated manifold have the form of the transition 
functions between two local trivializations of E(M). See [ 12, p. 7241. 
(2) The connection defined by Thomas depends only on the projective equivalence class of 
the given connection on M. Were we to explicitly identify his associated manifold with E(M), 
then the connection defined by Thomas would be the unique TW-connection associated to a 
projective structure as in Theorem 2.2, since it is Ricci flat and satisfies VW,+, = 0 in addition 
to the conditions of Definition 2.1. 
(3) For Whitehead [ 14, p. 3321, a projective connection is represented by a manifold possess- 
ing a torsion-free linear connection and a radial vector field c. This means c is an infinitesimal 
automorphism of the connection whose covariant differential is the identity tensor. The form, 
which is taken by the transformations between a pair of the local coordinates is given by equation 
(1.3) in [14, p. 3321, suggests that the the manifold could be the total space of some principal 
R-bundle, and that 6 is its fundamental vertical vector field. However, this need not be the 
case since c need be neither complete nor non-vanishing. In any case Whitehead’s projective 
connections are more general than Thomas’s since, for example, they need not be Ricci flat. 
(4) Definition 2.1 is a variation on Whitehead’s definition that 6~ be a radial vector field. The 
explicit utilization of the bundle of volume elements is what allows us to prove the uniqueness 
result in Theorem 2.2. 
3. Flat examples 
Let S” denote the unit n-dimensional sphere in EP+’ . The canonical section au : S” -+ E(Y) 
of the bundle of volume elements over S” is defined so that for p E S” 
q(p) = (fel A ... A e,) 
where ei,..., e, is any orthonormal basis of TpSn. By means of aa we obtain the global 
trivialization 
S” x R = E(Y) 
defined by (p, t) t, aa . t for (p, t) in S” x Iw. The defining property of the canonical scalar 
density field shows that under this identification 
‘If’,” = ke-‘dt A p 
where p is the canonical volume form on S”. 
Define the map 
F : IP+’ - {O) -+ E(P) 
for all X E !P+’ - (0). It is immediate that F is a diffeomorphism, that 
F(e-f/(n+l)X) = F(X) . t (3.1) 
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for r E R and X E Ii??’ - {O), and that 
F*(Qsn) = f(n + 1) dx, A . . . A dx,,+,. 
Let Z be the vector field on IRn+’ - (0) defined by 
9 I 
(3.2) 
1 
zx =--x 
n+l 
for X E IF?+ - (0). Then by (3.1) 
Let V denote the usual flat linear connection on 
feomorphism F pushes V forward to a torsion-free 
calculation 
1 
vxz = --x 
n+l 
(3.3) 
IRWn+’ (restricted to I@?’ - {O]). The dif- 
linear connection V* on E (Sn). By direct 
for all vector fields X on I@?+’ - (0). Thus by (3.3), 
1 
v;$ = -- X 
iz + 1 
for all vector fields X on E (S”). Since V is invariant under the dilation of iI?‘+’ - (0) induced by 
scalar multiplication by e -f/k+‘) for every r, it follows by (3.1) that V* is R-invariant. Therefore 
V’ is a TW-connection for S”. 
Since V is Ricci flat, in fact flat, and since V(dxi A. . .A&,,+,) = 0, it follows by (3.2) and the 
Fundamental Theorem that V* is the unique TW-connection associated to the standard projective 
structure on S”, the one to which the Levi-Civita connection of the canonical Riemannian metric 
on S” of constant sectional curvature 1 belongs. 
Finally observe that the above construction is invariant under the antipodal map on I!?‘+’ and 
on S” Thus I!?‘+ . . - {0} is a double affine cover of the unique TW-connection associated to the 
standard projective structure on IWPn, which shows that V provides a familiar model by which 
to represent he TW-connection associated to this important projective structure. 
These examples are locally symmetric spaces since they have vanishing torsion and parallel 
curvature tensor. The only locally symmetric TW-connections are Aat. In fact, more is true: the 
only TW-connections with recurrent curvature are flat. 
Proposition 3.1. Let V he a 7W-connection for M with curvature tensor R and Ricci tensor 
Ricci. 
( 1) If there exists a 1 -form a such that V R = u! @ R, then R = 0. 
(2) !f there exists a lTform OJ such that V Ricci = a @ Ricci, then Ricci = 0. 
Proof. By Proposition 2.6 of [6, vol. I, p. 2351, since 6~ is an infinitesimal affine transformation 
of 0, V,A(, = R(tM, X) for all vector fields X on E(M) where A,, = L,, - V,,,,. But 
AEM = 1 /(n + 1) . id, where id is the identity tensor of type ( 1,l) on E(M), by Proposition 2.5 
of [6. vol. I, p. 2351, since V is without torsion and V{, = -l/(n + 1) . id. Thus At,\, is 
parallel, and therefore R({ M. X)Y = 0 for all vector fields X and Y on E(M). Consequently, 
Ricci(tM, X) = 0 for all vector fields X on E(M). 
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Suppose there exists a l-form Q such that VR = c~ @J R. Let X, Y, and 2 be vector fields on 
E (M) . Then on the one hand 
(VxR)G> Y)Z 
= Vx(R&. Y)Z) - R(Vx<,, Y)Z - REM, VxY)Z - R(,$M. Y)VxZ 
1 
= -R(Vx&,, Y)Z = -R(X, Y)Z, 
n+l 
while on the other hand, 
(VxR)&, Y>Z = ~(X)(R(~I, Y)Z> = 0. 
Hence R(X, Y)Z = 0. Therefore R = 0. 
A similar argument can be applied to the Ricci tensor to prove statement (2) because 
Ricci(tM, X) = 0 for all vector fields X on E(M). 
4. Metric TW-connections 
Throughout this section M denotes a smooth n-dimensional manifold. 
Theorem 4.1. Let g be a Riemannian metric on E(M), and let V be the Levi-Civita connection 
for g. Then V is a TW-connection for M if and only if 
(1) Lt,g = -2/(n + 1). g and 
(2) d<b = 0 where 6; is the l-form metrically dual to (M, i.e. 6; (X) = g(c,+~, X) for all 
vectorjields X on E(M). 
Remark. Condition (1) is equivalent o the condition that right translation R, be a homothetic 
transformation satisfying R:(g) = e- 2/(n+‘)g for all t in Iw [6, Vol. I, p. 3091. 
Proof. Compute the covariant differential Vck 
V&(X, Y) = (Vx&)(Y) = g(Vx&4, Y) 
for all vector fields X, Y on E(M). Thus 
(*) 
skew(V&) = dt& 
and 
symm(V&) = i-&g, 
where skew(V&) denotes the skew symmetrization (or alternation) of V,$L, and symm(V<L) 
denotes the symmetrization of V&. 
Assume (1) and (2). Then by (1) right translation Rr is homothetic. Hence R, is an affine 
automorphism of V for all t in Ila: [6, Vol. I, p. 2421. Furthermore, by (1) and (2), 
1 
04; = skew(V&) + symm(Vch) = de: + iLc,,g = --g. 
nfl 
By (*) it follows that VX~M = - l/(n + 1) . X for all vector fields X on E(M). Therefore V is 
a TW-connection. 
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Conversely, if V is a TW-connection, then by (*), 0th = - l/(n + 1) . g. Thus Ls,,g = 
2 symm(V&) = -2/(n + 1) . g and dth = skew(Vch) = 0 because V<L is symmetric. 
Lemma 4.2. Suppose g is a Riemannian metric on E(M) whose Levi-Civita conrlection 0 is 
a TW-ronnection.for M. Dejine a function f : C(M) -+ IR by the,formula 
.f‘(&) = R(CMF. htp) = gf(bfF) 
,for E E I(M). Then 
df II-- 2 e; 
n+l 
(1) 
ancl,fi)r all F E E(M) and t E Iw 
,f(F . t) = e-“l(“+‘) f (E). (2) 
Consequently, for each r > 0, the level set f‘--’ (r) is a smooth hypersu$ace in E(M) meetirlg 
each,fiher of E(M) exactly once. 
Proof. If X E T(E(M)), then 
df (X) = Xg(&w. 6~) = WvxtM. &,.,I = -+(x. <,+,I = -&<&XL 
Since (M is the fundamental vertical vector field on E(M), 
from which (2) follows on integrating the differential equation. 
From (2). the set f -’ (r) meets each fiber of E(M) exactly once. It is a smooth hypersurface 
since by (1) df never vanishes, and thus each r > 0 is a regular value of ,f. 
Suppose now that g is a Riemannian metric on E(M) whose Levi-Civita connection V is ;I 
TW-connection for M. By Lemma 4.2, we are able to define a global section (~1 : M + i:(M) 
so that (~1 (M) = ,f -’ ( 1) and thus define a Riemannian metric go on M by setting ~0 = rr;g. 
Proposition 4.3. The Letli-Civita connection V0 of go belongs to thr projecti,,e structure ON 
M induced by V. 
Proof. The level sets of the function f are invariant under the right action of Iw because of 
Lemma 4.2(2). The tangent spaces to these level sets define a R-invariant horizontal distribution. 
which by Lemma 4.2( 1) is just the distribution orthogonal to 6~. Hence this distribution define+, 
a connection in E(M) whose connection l-form is obviously the form u = CL/f. By definition 
of VO’ and the formula for the Levi-Civita V” connection of the submanifold (~1 (M). 
V;yY = n,VxY = 7r*Vrr,*x0,*Y = v;1 
for all vector fields X and Y on M, where 2 and ? denote the w horizontal lifts of X and Y 
respectively. 
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Theorem 4.4. Suppose that g is a Riemannian metric on 1 (M) whose Levi-Civita connection 
is a TW-connection for M. Then the map 
F:MxPS+E(M) 
de$ned by F(p, t) = 01 (p) . t is an equivalence of principal &!-bundles over M such that 
F*g = e-2r/(nf1)(g0 + dt2}_ 
Conversely, $01 : A4 -+ E(M) is any section of E (M) and go any Riemann~an metric on M, 
and 
F : M x IR -+ E(M) 
is the bundle equivalence de$ned by F(p, t) = crl (p) . t, then 
g = F-1*(e-2f/(n+‘)(go + dt2)) 
is a Riemannian metric on E(M) whose Levi-Civita connection is a TW-connection for M which 
induces the projective structure on M to which th.e Levi-Civita connection of go belongs. 
Proof. The first part follows from the definition of @I and go and from Theorem 4.1. 
For the second half, first note that F,(d/dt) = 6~ and so F-‘*(&) = e-2r’(ni-i)dt . Hence 
g satisfies the conditions of Theorem 4.1 since 
L djdre -2f’(n+‘)(go + dt”) = -&e-~~/(“+‘)~go + dt2) 
and 
d(e-2r/(n+1) dt) = 2 --e 
n+l 
-2t/@+l) dt ,, dt = 0. 
Proposition 4.5. Let g be a Riemannian metric on E(M) whose Levi-Civita connection V is a 
~-connection for M. 
(1) V\zl~ = 0 if and only if 01 is a constant multiple of the canonical section 00 of E(M) 
for 80. 
(2) V is Ricci Jzat if and only if go is an Einstein manifold with constant scalar curvature 
equal to n(n - l)/(n + 1)2_ 
Proof. Let G be the scalar density field on E(M) represented by the local volume (n + I)-forms 
of the metric g. Then 
QM = As2 (4.1) 
where )i is a smooth positive function on E(M). Since V is the Levi-Civita connection of g, 
VQ = 0. Therefore, 
V’-PM=dh@Q, 
which implies that V 9 M = 0 if and only if h is constant. By the remark following Theorem 4.1, 
R:St = e-‘52. 
Since also 
h is constant along the fibers of I(M). Thus 
where h. is a smooth positive function on M. Therefore V\I, M = 0 if and only if h is constant. 
Since leM/ = 1 along crl and tM I al(M), we have that ~;C([~,,fi) is the volume rz-form on 
M for the metric go. Thus 
But there is a real valued function B on M such that 
“1 =cQ.p. 
By definition of QM, (4.1) and (4.2). 
(3.2) 
ItI = o;(lQPM)(q) = i(q$)(a, p, = *x2. 
from which it follows that h is constant if and only if B is constant. Therefore VIM = 0 if and 
only if CTI is a constant multiple of a(). This proves ( 1). 
Clearly. the Ricci tensor of the product metric go + dt’ on M x Iw is rr*(Riccio) where Riccio 
is the Ricci tensor of the metric go on M and rr : M x Ii2 + M is projection on the first factor. 
To compute the Ricci tensor of R, by Theorem 4.4, we may as well compute the Ricci tensor of 
e -“‘(“+ “(80 + dr’). Since this metric is conformal to the product metric, its Ricci tensor can 
be expressed in terms of ir*(Riccio) and the function 4 = r/(n + 1) by means of the formula 
in 17. p. 1071. Thus 
Ricci = rr*(Riccio) + (a& - (n - 1)1IV&]]‘)(ga + dr’) + . 
+ l/z - 1NY$$) + (d$ c3 d#)) 
= rr*(Riccio) - 
n-1 
(n + 1)’ 
Jr*(&)) 
where Vi+ = 0, /I& = 0, and IlV& = 1 are respectively, the Hessian form, the Laplacian. 
and the norm of the gradient of 4 with respect to the product metric ~0 + dt’. Therefore V is 
Ricci flat if and only if 80 is Einstein with scalar curvature n(n - l)/(n + 1)‘. 
Remark. There are examples of Einstein manifolds with positive scalar curvature whose sec- 
tional curvature is not constant [ 11. 
5. The homogeneous case 
We briefly review the foundations of projective structures. A fuller account of this material 
can be found in 14, chap. 41 or [5]. 
Let M be a smooth n-dimensional manifold, and let p E M. A 2-frame of M at 17 is the 2-jet 
of a germ of a diffeomorphism from a neighborhood of 0 E Pg” onto a neighborhood of p E M 
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which takes 0 to p. The collection of all 2-frames over it4 forms a principal G2 @)-bundle over 
M, where G2(n) is the group of 2-frames of R” taking 0 to 0. Denote this bundle by P2(M). 
An element A in G2(n) is represented by an ordered pair A = (Al, AZ), where A 1 E 
GL(n, R) and A2 is a symmetric bilinear map of IR” x R” into IR”. Compare with [4, pp. 140-l] 
or [5, pp. 225-61. In this representation. A is the 2-jet of the quadratic mapping of R” into IP 
defined by 
A(x) = At(x) + Az(x, x). 
Multiplication in the group G2(n) is defined by the truncated composition of 2-jets. Thus, the 
product of A = (A 1, AZ) and B = ( BI , B2) is given by the formula 
AR = (AI, A2)(B1, &I = (AI&, AI& + B,*A2). 
where A 1 B1 is matrix multiplication, and A I* Bz and Bt *AZ are the symmetric bilinear 
maps defined by the respective formulas A,,B&, y) = Al(Bz(x, y)) and Bl*Az(x, y) = 
Az(Bl(x), Bl(y)) for all x, y E R’“. 
Identify G L (n, IR) with the subgroup of G2(n) given by elements of the form (A 1 , 0), where 
Ai E GL(n, R). Define Lo(n) to be the subgroup of G2(n) consisting of all elements of the 
form 
{(Al, n (8, AI + Al 63 r) : AI E CL&z, RI and q f @“t*}. 
Note that (IF?)* is the dual space of R” and that 
(n @ At + Ai @ r)(x, vl = rl(xMr (y) + Ai (x)r(yl 
defines a symmetric bilinear map of IF* x R” into RF. Lo(n) is isomorphic to the isotropy 
subgroup at the origin of WP” of the group of all projective transformations of RP”. Compare 
with [4, pp. 141-81 or [5, pp. 226-91. 
It is well known that torsion-free linear connections on M are in one-to-one correspondence 
with the cross sections of ~2(~)/GL(~, 8%) and that the projective structures are in one-to- 
one correspondence with the cross sections of ~2(~)/L*(n) [S, p. 2283. ~2(~)/GL(n, IR) 
and P2(M)/L,(n) are fibre bundles associated with P2(M) with fibres G2(n)/GL(n, JR) and 
G2(n)/L&z), respectively. We give an alternative description of these fibres. 
Let Bn be the set of all symmetric bilinear maps from JR” x R.” into IV. We define the trace 
of an element S of ‘B,, denoted trS, to be the element of (lP)* given by 
tr S(X) = trace{Y -+ S(X, Y)]. 
Let 23,’ be the subset of Bn consisting of those maps S for which trS = 0. 
Proposition 5.1. G2(n)/GL(n, lit) E 23, and G”(n)/Lo(n) 2 23,‘. With respect o these di& 
~eo~ur~his~~s, the~~t~ral ct~o~so~G2(n) on G~(~)/GL(~, II%) and of G2(n) on G2(n)/L~(n), 
respectively, become the action ofG2(n) on IB,, dejked by 
A 0 S = (A,-‘)*(A& + A2) 
for A E G2(n) and S E ‘8,, and the action of G’(n) on ‘B,’ dejined by 
A El S = (AI-‘)*(A~J + A2) - 7’,.a, 
for A E G’(n) and S E 
1 
T,., = - 
n+l 
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B,,O, where 
{tr [(AI-‘)*A21 @ I + I @ tr [(AI-‘)*Az]} . 
Here I denotes the (I. I)-identity tensor on BY. 
Proof. Define a smooth map F : ‘B,, -+ G’(n)/GL(n. JR) by 
S F+ (I. S)GL(n, IR) 
and a map G : G’(n)/GL(n, R) + 23,z by 
(Al, Al)GL(n. R) I-+ (AI-‘)*A?. 
One checks that G is smooth and well-defined, that FOG is the identity map on G2(n)/ G L (12. X3). 
and that G o F is the identity map on ‘BR,. Therefore, G2 (n)/ G L (n, R) is diffeomorphic to B,, . 
Under this diffeomorphism, the action of G’(n) on G’(n)/GL(n, JR) induces an action of 
G’(n) on LB,, defined by 
A 0 S = G(AF(S)) = (A,-‘)*(A& + AZ) 
for A E G’(n) and S E 23,,. 
Now define a smooth map F” : YBllo -+ G2(n)/Lo(n) by 
S H (I. S)Lo(n) 
and a map Go : G”(n)/Lo(n) -+ 23,’ by 
(AI, AZ)&(n) ++ (AI-‘)*A2 - TA 
with 7-A defined as above. As before, one can check that GO is smooth and well-defined, that 
1;” o Go is the identity map on G*(n)/Lo(n), and that Go o F” is the identity map on B,,‘. Thus. 
G’(n)/LCj(n) is diffeomorphic to &lo. 
Under this diffeomorphism, the action of G*(n) on G*(n)/&(n) induces an action of G’(n) 
on ‘BR,,” defined by 
A 0 S = G’(AF’(S)) = (A,-‘)*(A,,S + A?) - T,l. 
Suppose that M = G/H is a homogeneous pace. The action of G on M naturally lifts to 
an action of G on P2(M) as a group of automorphisms of P’(M) as follows: if g E G and 
II E P”(M). then gu is the 2-jet of g o f, where f is any representative of the 2-frame II. 
Lemma 5.2. Let P be a principal K-bundle ov’er M = G/H and Kc) u subgroup qf K. S~tppow 
the action of G on M lifts to an action of G on P as a group of bundle automorphisms uch 
that the projection P -+ M is G-equivariant. Then the G-equivariant cross sections oj’ P/K,, 
are in one-to-one correspondence with the,fixed points of the action of H on the~fibre of P/ K,, 
over the origin o of M. 
Proof. Since G acts as a group of bundle automorphisms on P, this action induces an action 
of G on P/K0 as a group of bundle automorphisms o that the quotient map P -+ P/K,) is 
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G-equivariant. Let o be the origin of M. Since H fixes o, it acts on the fibre of P/K0 over o. 
Clearly, if cr is a G-equivariant section of P/Ko, then a(o) is a fixed point of the action of H 
on the fibre over o. 
Conversely, every fixed point z of the action of H on the fibre over o defines a G-equivariant 
section CJ of P/K0 by letting c~(g(o)) = gz. This map is defined at all points in M since G acts 
transitively on M and is well-defined since H fixes the point z. 
Let M = G/H, and y1 = dim(M). Choose a coordinate system centered at the origin o 
of M. Each h E H produces a diffeomorphism of M which fixes the origin o. In the chosen 
coordinates, this defines a germ of a diffeomorphism between two neighborhoods of 0 E R” 
which fixes 0. The 2-jet of this germ is the element of G’(n) denoted by t*(h). The resulting 
function l2 : H + G2(n) is a Lie group homomorphism which is called the second-order 
isotropy representation corresponding to the choice of the coordinate system. 
Clearly, the choice of a different coordinate system about o would produce a representation 
of H in G2(n) that differs from 1* by conjugation by an element of G*(n), namely, the 2-jet of 
the change of coordinates at o. Let u0 be the 2-frame at o defined by the given coordinate system. 
Then we can identify the fibre of P*(M) over o with G*(n) where A E G’(n) corresponds to 
u, . A. Taking KO = GL(n, R) or KO = Lo(n), this correspondence induces an identification 
of the fibre of P*(M)/Ko over o with G2(n)/Ko. Under this identification, H acts on the fibre 
via the second-order isotropy representation. 
Theorem 5.3. Let M = G/H, n = dim(M), and t* : H + G*(n) be the second-order 
isotropy representation of H with respect o a coordinate system centered at the origin o of M. 
(1) The G-invariant torsion-free linear connections on M are in one-to-one correspondence 
with the fixed points of the isotropy action of H on B,, that is, the set of S E B, such that 
t*(h) 0 S = S for all h E H. 
(2) The G-invariant projective structures on M are in one-to-one correspondence with the 
fixedpoints of the isotropy action of H on 23, ’ that is, the set of S E BR,’ such that t*(h) q S = S , 
for all h E H. 
(3) Let S E Bn correspond to a given G-invariant torsion-free linear connection on M. 
Define 
’ so=s-- 
n+l 
(tr S @ I + I @ tr S). 
Then SO E B,’ is a fixed point of the isotropy action of H on B,O. Furthermore, the given 
G-invariant torsion-free linear connection belongs to the G-invariant projective structure cor- 
responding to SO. 
Proof. To prove either (1) or (2), apply Proposition 5.1 and Lemma 5.2 with P = P*(M) and 
either Kc = G L(n, R) or KO = Lo(n), respectively. 
As for (3), let Q : G*(n)/GL(n, R) + G*(n)/Lo(n) be the canonical quotient map. Then, 
clearly, 
So = G”(QV’(W>, 
where F : Bn -+ G*(n)/GL(n, R) and Go : G*(n)/Lo(n) + B,O are the diffeomorphisms 
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defined in Proposition 5.1. Thus, Sa E BR ‘. Note that Go, Q, and F are all G2(n)-equivariant 
maps. Therefore, since S is a fixed point of the isotropy action of H on BB,, So = G”( Q( F (S)) I 
is a fixed point of the isotropy action of H on B,‘. Finally, it is immediate that the G-invariant 
torsion-free linear connection corresponding to S belongs to the G-invariant projective structure 
corresponding to SO in view of parts (1) and (2) of this theorem and the definition of belonging. 
See 14, p. 1471 or ]_5, pp. 228-91. 
Remarks. (1) The one-to-one correspondence between the G-invariant torsion-free linear con- 
nections on A4 and the fixed points of the isotropy action of H on BR, has the following explicit 
description. Let rl”, be the components of a G-invariant torsion-free linear connection with 
respect to the chosen coordinate system centered at o and let S(;, be the components of the 
corresponding S E ‘B,,, that is, 
n 
S(e;. ej) = 2 SFjek. 
k=l 
where ei , . . , e, is the standard basis for IR”. Then we have 
s:‘, = 4yj(0). 
where rik, (0) is the value of Pi”, at o. This follows from the relation between the components 
of a torsion-free linear connection and the corresponding local section of P*(M)/ G L (n, R) as 
given by either [4, p. 1471 or [5, p. 2281. 
(2) [6, Vol. II, p. 1881 provides a classification for the G-invariant linear connections on 
a homogeneous space A4 = G/H that includes the connections with torsion. For the special 
case where M = G/H is a reductive homogeneous space, F. Podesta [9, p. 10941 gives a 
classification of the G-invariant projective structures on M. 
Corollary 5.4. Let A4 = G/H and n = dim(M). 
( 1) M admits a G-invariant torsion-free linear connection if and only if the second-order 
isotropy representation can be conjugated to lie in G L(n, Et). 
(2) A4 admits a G-invariant projective structure if and only if the second-order isotrop? 
representation can be conjugated to lie in Lo(n). 
Proof. (1) If A4 admits a G-invariant torsion-free linear connection, then, by Theorem 5.3( 1 ), 
there exists an S E B, such that am 0 S = S for all h E H. Thus, by Proposition 5.1, 
(il(h)-‘I* (iI (h),S + iz(h)) = 5’ (5.1) 
for all h E H, where L2(h) = (i,(h), i*(h)) E G’(n). Therefore, using (5.1), for all h E H, 
(I. W’(il (h), iz(h))(I, S) = (I, -S) (iI( i?(h)) (I, S) 
= (iI( il(h),S + iz(h) - il(h)*S) 
= (il (h). 0) 
which lies in GL(n. II%). 
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Conversely, if the second-order isotropy representation can be conjugated to lie in G L(n, R), 
then 1’(h) = (it(h), 0) for all h E H. Hence, the equation 
L2(h) 0 S = (i,(h)-‘)*i,(h),S = S 
has a solution for all h E H, namely, S = 0. Therefore, M admits a G-invariant torsion-free 
linear connection by Theorem 5.3(l). 
(2) Whenever M admits a G-invariant projective structure, there exists S E Z&O satisfying 
L2(h) IT S = S for all h E H by Theorem 5.3(2). Thus, by Proposition 5.1, 
(k(h)-‘)* (iI (h),S + iz(h)) - C’(h) = S (5.2) 
for all h E H, where L2(h) = (i,(h), i2(h)) E G2(n). Therefore, using (5.2), for all h E H, 
(Z, S)-‘(i,(h), b(h))(Z, S) = (Z, -8 (iI( b(h)) (Z, S) 
= (il (h), iI (h),S + iz(h) - il (h)*S) 
= (il (h), r](h) 8 il (h) + il (h) @ q(h)) 
E Lo(n) 
where v(h) = I/(n + 1) + tr [iz(h)]. 
Now suppose the second-order isotropy representation can be conjugated to lie in Lo(n), 
then 12(h) = (il (h), q(h) ~3 i, (h) + il (h) @ q(h)), where q(h) E (IP)* for all h E H. A short 
calculation shows 
L2(h) q S = (il (h)-‘)*i,(h),S = S. 
As before, S = 0 is a solution of this equation for all h E H, which implies that M admits a 
G-invariant projective structure. 
One observes from the proof of Corollary 5.4 that if the second-order isotropy representation 
of H lies in GL(n, IR) (respectively Lo(n)), then the isotropy action of H on B,, (respectively 
B,*‘) reduces to the linear isotropy action, that is, 
L2(h) 0 S = (i, (h)-‘)*i, (h),S 
(respectively L2(h) q S = (il (h)-‘)*il (h),S) for h E H and S E 23, (respectively S E LBs,‘). 
We can use this observation to give a new proof of a result in [IO] and [ 1 l] which was 
originally proved with the added restriction that dim(M) 3 2. 
Corollary 5.5. Let M = G/H. Zf M admits a G-invariant torsion-free linear connection, then 
every G-invariant projective structure contains a G-invariant torsion;free linear connection. 
Proof. Since M = G/H admits a G-invariant torsion-free linear connection, the second-order 
isotropy representation can be taken to have the form L2(h) = (il (h), 0) for all h E H by 
Corollary 5.4(l). Hence, given a G-invariant projective structure on M, Proposition 5.1 and 
Theorem 5.3(2) imply that the corresponding fixed point S E LBR,’ of the isotropy action of H 
on ‘I3,’ satisfies the equation 
(il (h)-‘)*il (h)*S = L2(h) q S = S 
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for all h E H because l’(k) = (i,(k), 0). Furthermore, since S E YB,” C ‘Bs,, Proposition 5.1 
and l’(k) = (i,(k), 0) yield 
l’(k) 0 S = (il (k)-‘)*il(k),S = S 
for all k E H. Thus, by Theorem 5.3(l), S corresponds to a G-invariant torsion-free linear 
connection on M. From Theorem 5.3(3), this G-invariant torsion-free linear connection belongs 
to the G-invariant projective structure corresponding to 
S(, = S - &(tr S @ I + 18 tr S). 
Since trS = 0, SO = S. Therefore, the G-invariant torsion-free linear connection corresponding 
to S belongs to the given G-invariant projective structure. 
Corollary 5.6. Let M = G/H and n = dim(M). Suppose the linear isotropy representation 
of H has dimension > n’ - n, then M admits at most one G-invariant torsion-free linear 
connection and at most one G-invariant projective structure. 
Proof. By Corollary 5.4, if M admits a G-invariant torsion-free linear connection, then the 
second-order isotropy representation of H can be taken to lie in G L(n. IR), while if M admits 
a G-invariant projective structure, then the second-order isotropy representation of H can be 
taken to lie in Lo(n). In the former case, L*(k) 0 S = (i,(k)-‘)*il(h),S for all k E H and 
S E B,,, while, in the latter case, L*(k) q S = (i,(h)-‘)*il(k),S for all k E H and S E B,,(). 
Now consider the following lemma. 
Lemma 5.7. Let S : IR” x Ii%” --f IR” be a nonzero symmetric bilinear map and K a subgroup 
qf’G L(n. R). If (k-‘)*k,S = S for all k E K, then dim(K) < n2 - Il. 
Proof of Lemma. This result is proved for skew-symmetric bilinear maps in [4, p. 1231, and 
the proof for symmetric bilinear maps can be done similarly. 
Since the linear isotropy representation of H has dimension > n’ - n, were M to admit 
a G-invariant torsion-free linear connection, then Lemma 5.7 would imply that the equation 
l’(h) 0 S = S has no nonzero solutions for all k E H, while were M to admit a G-invariant 
projective structure. Lemma 5.7 would imply that the equation r’(k) 0 S = S has no nonzero 
solutions for all k E H. Thus, by Theorem 5.3(l), there can be at most one G-invariant torsion- 
free linear connection on M, and, by Theorem 5.3(2), there can be at most one G-invariant 
projective structure on M. 
We now apply these results to TW-connections and the bundle of volume elements F(M) 
ober M = G/H. The left action of G on M can be lifted to a left action of G on I(M) in 
the following way. Each g E G produces a diffeomorphism of M which in turn induces an 
automorphism, denoted by i, of E(M). The automorphism g : 1(M) ---f E(M) is defined by 
g(E) == (*&(XI) A . . . A &(xn)}. 
where XI. , X,, is a basis for TrcEI M and E = (&XI A.. . A X,,} E E(M). A TW-connection 
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V is said to be G-invariant if 
- -I 
g* (V~*(X,2*<Y>) = V,yY 
for all g E G and all vector fields X and Y on E(M). 
If h E H, then the automorphism i of E(M) sends the fibre of E(M) over the origin o of M 
into itself. In fact, i restricted to the fibre over o agrees with right translation by the real number 
h(h) = In (det h, 1. Since IF8 is abelian, h I+ R_*(h) o i is a homomorphism of H into the group 
of bundle automorphisms of E(M) leaving the fibre over o pointwise fixed. 
Choose a coordinate system (xi, . . . , x,) centered at o, let E, = {%l/&xi I0 A. . . A a/ax, I,}. 
Define a coordinate system on E(M) centered at E, by taking (xa, xi, . . . , x,) to be the coordi- 
nates of the volume element {feXoa/axl I(_r,.,..,x,) 0 . . . A 8/ax,I(x,,.,.,x,,}. For h E H, R_JJ~) o i 
fixes co. Therefore, in these coordinates, R-A(~) o h defines a germ of a diffeomorphism of IR?+’ 
into &!?+I fixing 0. Hence, the 2-jet of this germ is an element 4(h) of G2(n + 1). One observes 
that the mapping 4 : H + G*(n + 1) is a group homomorphism. 
Let 23:+, be the set of symmetric bilinear maps S : BY+’ x Rnfl -+ IP+’ such that 
S(ea, X) = l/(n + 1) . X for all X E RWn+l, where ea = (1, 0, . . . , 0) E IK?+‘. 
Lemma 5.8. IfS E IBA,, and h E H, then q5(h) 0 S E 23:+,. 
Proof. Since the fibre of 1 (M) over the origin o of A4 is pointwise fixed by the bundle automor- 
phism R_*(h) o i for all h E H, 4(h) = (@l(h), @2(h)) E G*(n + 1) satisfies &(h)eo = eo and 
&(h)(eo, X) = 0 for all h E H and all X E IR ‘+’ Using these properties and Proposition 5.1 . 
gives 
(4(h) 0 S)(eo, X) = (41 (h)-‘)* 141 (h)J + h(h)1 (a W 
= Ml (h),S + b(h)1 (41 (h)-‘eo, 41 @)-‘X) 
= bh (h)J + &@)I (a 41 (h)-‘X) 
= 41 (hW(eo, 41 (h)-‘X)) + h(h>(eo, 41 @-‘X) 
= 41 (h) &#dWIX > 
1 
=- X 
n+l 
for all X E Rnfl. Thus, 4 (h) 0 S E IB;,, . 
Theorem 5.9. The G-invariant TW-connections are in one-to-one correspondence with the set 
ofS E ?3;+, such that 4(h) 0 S = Sfor all h E H. 
Proof. We begin by realizing E(M) as a homogeneous pace. Since IR is an abelian group, a left 
G x R-action on E(M) can be defined by (g, U)(E) = (R, o g)(~). This left action is obviously 
transitive. The isotropy subgroup of this left G x R-action at E, is 
ii = {(h, -h(h)) : h E H}. 
Thus, E(M) may be regarded as the homogeneous pace (G x IQ/Z?. 
Since every TW-connection is R-invariant by Definition 2.1(l), the G-invariant TW- 
connections are a subset of the G x R-invariant torsion-free linear connections on E(M). 
By Theorem 5.3. the G x R-invariant torsion-free linear connections on I(M) are in one-to- 
one correspondence with the fixed points of the second-order isotropy action of fi on B,,+ ,. 
Consequently, the G x R-invariant torsion-free linear connections on I(M) are in one-to-one 
correspondence with the set of S E Bs,+, suchthat+(h)OS=SforallhE H. 
Now let V be a G x R-invariant torsion-free linear connection on E(M), and let S be the 
corresponding element in ‘B,,+, satisfying 
4(h) 0 s = s 
for all h E H. By Remark (1) following Theorem 5.3, the components of 06, at E,, are given 
bl 
(%I: (&,I) = r{&,) = -s& (5.3) 
since 6~ = iI/8.r0 in the chosen coordinate system. Thus. if V is a TW-connection, then 
Definition 2.1(2) implies 
I 
S(ro. X) = -X 
I7 + 1 
for all X E I!%‘!+’ Conversely, if S(eo. X) = l/(n + 1) X for all X E IFS”+‘, then 
(Y&4)>,, = - 
1 
- X,, 
n+l 
for all vector tields X on E(M) by (5.3). Since G x Iw acts transitively on I(M). the G x II%- 
invariance of V and of 6,~ imply 
1 
vxt,v = ----x 
12 + 1 
for all vector fields X on E(M). Consequently, V is a TW-connection. Therefore. V is a TW- 
connection if and only if S E Bi,,, . 
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